Broken time-reversal symmetry ͑BTRS͒ in dϩidЈ as well as in dϩis superconductors is studied and is shown to yield current carrying surface states. We evaluate the temperature and thickness dependence of the resulting spontaneous magnetization and show a marked difference between weak and strong BTRS. We also derive the Hall conductance which vanishes at zero wave vector q and finite frequency ; however, at finite q, it has an unusual structure. The chirality of the surface states leads to quantum Hall effects for spin and heat transport in dϩidЈ superconductors.
I. INTRODUCTION
Recent data on the high-T c superconductor YBa 2 Cu 3 O x ͑YBCO͒ have supported the presence of broken timereversal symmetry ͑BTRS͒.
1-3 A sensitive probe of BTRS is Andreev surface states. For a d wave with time-reversal symmetry bound states at zero energy are expected for a surface parallel to the nodes ͓i.e., a ͑110͒ surface in YBCO͔. When BTRS is present, by either a complex order parameter or by an external magnetic field, the bound states shift to a finite energy. Indeed tunneling data usually show a zero-bias peak which splits in an applied field; the splitting is nonlinear in the magnetic field, indicating a proximity to a BTRS state. 2, 4 In fact, in some samples tunneling data show a splitting even without an external field, 1,2 consistent with BTRS; the splitting increases with increasing overdoping.
2,5
Further support for a spontaneous BTRS state is spontaneous magnetization data as observed in YBCO, 3 setting in abruptly at T c and being almost temperature (T) independent below T c . The phenomenon has been attributed to either a d x 2 Ϫy 2ϩ id xy state (dϩidЈ) or to the formation of junctions. No microscopic reason was given, however, for the spontaneous magnetization being independent of both T and film thickness. 3 It has been shown theoretically that BTRS can occur locally in a d x 2 Ϫy 2 superconductor near certain surfaces [6] [7] [8] [9] leading to either dϩidЈ or dϩis states with surface currents. The onset of such BTRS is expected to be below T c and therefore does not correspond to the spontaneous magnetization data. 3 We note that in response to an external magnetic field the surface states are paramagnetic and compete with Meissner currents. This effect has been proposed to account for a minimum in the magnetic penetration length. 10 In fact, it was proposed that this paramagnetic effect leads to spontaneous currents and BTRS in a pure d x 2 Ϫy 2 state. 11, 12 The onset of this BTRS is much below T c 12 and therefore does not correspond to the data. 3 Of further theoretical interest is the relation of the BTRS state to quantum Hall systems with a variety of Hall effects. [13] [14] [15] [16] [17] [18] In particular a finite-charge Hall conductance has been suggested, 13 though this has been questioned. 16 In the present work we expand our earlier work 19 and study variety of phenomena related to surface currents. In Sec. II we show that bulk dϩidЈ state has surface states with finite surface currents; a similar situation was found for the bulk p-wave state. 20 We also consider a dϩis state which has surface currents only on the ͑110͒ surface. In Sec. III we evaluate the spontaneous magnetization and show that for dϩidЈ it is dominated by ͑100͒ surfaces; for thin films it increases with the ratio ⌬Ј/⌬ (⌬ and ⌬Ј are the amplitudes of d x 2 Ϫy 2 and d xy , respectively͒ while for thick films it has a maximum at /ЈϷ1 where Јϭv F /⌬Ј with v F the Fermi velocity and the penetration length-i.e., at ⌬Ј/⌬Ϸ0.01 for YBCO. We show that for weak BTRS, /ЈϽ1, the spontaneous magnetization is T and thickness independent, while for strong BTRS thickness and T dependence may occur. For the sample of Ref. 3 we estimate ⌬Ј/⌬Ϸ10 Ϫ4 -i.e., weak BTRS. In Sec. IV we consider a surface approach for the quantum Hall effect, showing quantization for spin and thermal Hall conductances for the dϩidЈ state. We also derive in Sec. V the effective action in the bulk and identify the Hall coefficient which has an unusual wave vector and frequency dependence.
II. SURFACE STATES
We present here the Bogoliubov-de Gennes ͑BdG͒ equations for quasiparticles in a bulk dϩidЈ or dϩis state in the presence of a boundary and study the resulting surface states. We consider first a dϩidЈ state where the order parameter is
where p ϭϪiប" is the momentum operator and k F is the Fermi momentum. The quasiparticles are represented by an electron-hole Nambu spinor
and are described by the following mean-field Hamiltonian ͑see Appendix A͒:
where m is the electron mass and i are the Pauli matrices. We assume here that ͉"͉Ӷk F so that the issue of gauge invariance in the interaction term can be avoided ͑Appendix A͒. Rotating by the unitary transformation ⌿(r) →exp͓i 3 (r)/2͔⌿(r) yields
where A is kept to first order. We consider a vacuum-superconductor boundary at xϭ0 and assume for now that ⌬,⌬Ј are constants at xϾ0 and vanish at xϽ0. For ⌬Ͼ⌬Ј this corresponds to a ͑100͒ surface; to describe a ͑110͒ surface ⌬ and ⌬Ј need to be interchanged. The spinor wave functions for the up and down components of Eq. ͑2͒, respectively, u(r)ϭu exp͓ifxϩik y y͔ and v(r)ϭv exp͓ifxϩik y y͔, with eigenvalues ⑀, satisfy the BdG equations
where ⑀ ϭ⑀ϩ(e/mc)k y A y (x), A has only an A y component consistent with a current in the y direction, and "ϭ0. This Doppler shift assumes that A y (x) is slowly varying on the scale k F Ϫ1 so that a local eigenevalue ⑀ can be defined. Define kϭϩͱk F 2 Ϫk y 2 , then f has two surface solutions with Imf Ͼ0,
where the replacement ⌬( f ,k y )→⌬(Ϯk,k y ) is valid for ͉⌬͉,⑀ Ӷk F 2 /2m. The eigenvectors are
We assume specular reflection which preserves k y but mixes these two solutions so that at xϭ0 the wave functions vanish. A linear combination for which both spinor components vanish at xϭ0-i.e., ␣u 1 ϩ␤u 2 ϭ␣v 1 ϩ␤v 2 ϭ0-yields v 1 /u 1 ϭv 2 /u 2 , hence an equation for the eigenvalues:
Its solutions are readily seen to be ⑀ ϭϪsgn(k y )⌬(k 2 Ϫk y 2 )/k F 2 . In terms of the incidence angle , k y ϭk F sin , kϭk F cos , the eigenvalues are
Note that the spectrum is not symmetric in k y or in ͑it is in fact antisymmetric͒ resulting in a finite surface current. Figure 1 shows the angle where ⑀ ϭ0 ͑solid lines͒ and the range for which ⑀ Ͼ0. The velocities ‫⑀ץ‬ /‫ץ‬k y are positive for both Ϯk y branches, i.e., the surface states are chiral. This property leads to quantization of Hall effects, as discussed in Sec. IV. We note that self-consistency would imply that ⌬Јϭ0 at xϭ0 ͑Ref. 8͒; the eigenfunctions would then be ϳexp͓Ϫ ͐ 0 x ⌬Ј(xЈ)dxЈ͉ sin ͉/v F ͔, resulting in a very similar dependence on Ј. Note also that quasiparticles in the bulk have a spectral gap ͉⌬(k,k y )͉ which for any given is higher than the surface states ⑀ ͑neglecting the Doppler shift͒. Impurities, however, may destroy k y conservation and scatter high-energy (Ͼ⌬Ј) surface states into degenerate bulk states. When impurity scattering is essential ͑e.g., Sec. IV͒ our results apply only when these excitations can be neglected-e.g., at TϽ⌬Ј. This restriction is not needed at the ͑110͒ surface where the whole surface spectrum is Ͻ⌬Ј -i.e., below the lowest bulk state.
The decay length of the surface states becomes, using Eqs. ͑6͒ and ͑9͒, (Imf )
Surface ͑vertical line͒ and angle where the spectrum is ⑀ϭ0 ͑solid lines͒; in the absence of A y these lines would be at ϭϮ/4 ͑dashed lines͒. The range for which ⑀Ͼ0 is shown as the hatched area; the spectra span the range ⑀ϭ0 up to ⑀ϭ⌬ as shown.
ϭЈ/͉ sin ͉ with Јϭv F /⌬Ј. Since ͉u i ͉ϭ͉v i ͉, iϭ1,2 ͓Eq. ͑7͔͒, the normalized eigenfunctions are
where L y is the length of the surface. It is remarkable that ͉u (r)͉ϭ͉v (r)͉ for all -i.e., for all energies of the surface states-implying maximal electron-hole mixing. As noted above, a ͑110͒ surface has the same solution ͑10͒ with Ј replaced by ϭv F /⌬. We note that in general the spinor, Eq. ͑2͒, can be decomposed in terms of eigenoperators ↑ , ↓ where
leading to the diagonal Hamiltonian
with ⑀ being x dependent via the Doppler shift. The spectrum has exact particle-hole symmetry, i.e., for each eigenvector u,v with eigenvalue ⑀ there is an eigenvector Ϫv*,u* with eigenvector Ϫ⑀. The form, Eq. ͑12͒, incorporates, however, both Ϯ⑀ states and its sum is therefore restricted to ⑀ у0. We consider next a dϩis state at a ͑110͒ surface with an order parameter
Positive eigenvalues are now at k y у0 ͓for weak Doppler effect (e/c)v F ͉A y ͉Ͻ⌬ s ] with a weak dispersion due to the Doppler term. Note in particular that the spectrum has a gap -i.e., no ⑀ϭ0 states; hence to probe these states one needs either high voltage or high temperature TϾ⌬ s . This dϩis state corresponds to a ͑110͒ surface at which it breaks both parity and time reversal. At a ͑100͒ surface the state dϩis state is symmetric under reflection and in fact has no surface bound states. Hence tunneling data at the ͑100͒ may distinguish between dϩidЈ and dϩis states; i.e., the dϩidЈ state shows a weak structure at a bias Ϸ⌬ while a dϩis state has no effect at all. The magnetization data 3 show an effect for both ͑110͒ and ͑100͒ surfaces, supporting a dϩidЈ state for YBCO.
III. SPONTANEOUS MAGNETIZATION
The dϩidЈ or dϩis order parameters break both timereversal invariance and reflection along the surface; hence they allow surface currents ͓dϩis refers to ͑110͒ only͔. The current density parallel to a surface ͑the y direction͒ and the charge density are
where d is the interlayer spacing, and ͗␥ ,s † ␥ ,s ͘ϭ͓1
ϩexp(⑀ /T)͔ Ϫ1 and ͉u (r)͉ϭ͉v (r)͉ were used. The expression for j edge can also be obtained from Eq. ͑12͒ by j edge ϭc␦H/␦A y (x). In addition to the explicit T dependence in Eqs. ͑15͒ the order parameters are T dependent as ⌬ Ϸ⌬ 0 ͱ, ⌬ЈϷ⌬ 0 Јͱ where ϭ(T c ϪT)/T c ; hence
In principle the current has also a diamagnetic term (e/c)n edge (x)A y (x); the ratio of this term to the London term (c/4
Ϫ2 for the ͑110͒ surface͔. In the range where the order parameter fluctuations exceed their mean value the mean field breaks down; this range, which is between Ͻ1/k F 0 in two dimensions and Ͻ(1/k F 0 ) 4 in three dimensions, is excluded in our analysis.
We consider first dϩidЈ; the factor k y tanh(⑀ /2T) is symmetric in k y . Therefore within the integration in Eq. ͑15͒ in the ⑀ у0 range ͑Fig. 1͒ the Ͻ0 segment can be shifted into a Ͼ0 one so that a complete (0,/2) range results. In terms of the density nϭk F 2 /2d and the Tϭ0 penetration
where the rapid oscillatory sin 2 kx is replaced by its average 1 2 . Note that for ⌬ϭ0 or ⌬Јϭ0 all angles are allowed in the solution of Eq. ͑8͒ and then the current vanishes. This demonstrates that BTRS leads to current carrying surface states. We note also that if the Doppler shift ϳA y (x) is ignored, the integrated current j edge (x) vanishes, unlike the p-wave case. 19 The response of the condensate to j edge involves the London terms as well as coupling to the scalar potential at the surface; the latter terms are small as 1/k F 0 at low T or vanish at T→T c ͑see Appendix C͒. London's equation with j edge (x) as a source term is then
where (x) is a step function. This assumes a thick filmi.e., no dependence on the z direction; the thin-film limit is considered below. For a thick film the condition of no external field at x→Ϫϱ implies H y (0)ϭ0. Equation ͑17͒ is then solved by the Green's function
which satisfies the boundary condition ‫ץ‬ x G(x,xЈ)͉ xϭ0 ϭ0 equivalent to H y (xϭ0)ϭ‫ץ‬ x A y ͉ xϭ0 ϭ0. Here A y (x) then satisfies an integral equation
The Doppler shift, as shown below, is significant only very near T c or at very low temperatures. Neglecting first the Doppler shift and at T→T c , Eq. ͑19͒ becomes
The total spontaneous flux is ⌽ϭA y (0)L y where L y is the length of the boundary. We consider 2 0 L y ⌬/ 0 2 T c as a flux unit; e.g., for 3 L y ϭ2 cm and typical YBCO parameters it is Ϸ10 5 0 . This flux unit is weakly temperature dependent since ⌬Ϸ 0 ⌬ 0 is finite at T→T c . The ratio Fig. 2 ; it varies between /12Ј at ӶЈ ͑weak BTRS͒ and Ј/12 at ӷЈ ͑strong BTRS͒ with a maximum of 0.014 at Ϸ Ј. For a ͑110͒ surface replacing Ј by ͑considering only Ӷ)we obtain ⌽ ϭ⌬Ј/12⌬, much smaller than for a ͑100͒ surface. The reason for the dominance of the ͑100͒ surface is the steeper spectra ⑀ϳ⌬ for this case. The result that ⌽ is weakly temperature dependent at T→T c is consistent with the spontaneous magnetization data 3 ; more details on the data follow in Sec. VI.
At low temperatures TӶT c the result for the ͑100͒ surface is of the same order as that near T c while for the ͑110͒ ⌽ is enhanced upon cooling, becoming at TӶT c ,⌬Ј of the order of ⌽ Ϸ/. The various limiting forms of ⌽ are collected in Table I .
We consider next the results with the Doppler shift. For the ͑100͒ surface and Јӷ the kernel G(x,xЈ) is localized at xϷxЈ so that A y (xЈ) can be replaced by A y (x) in Eq. ͑19͒. Near T c we expand the tanh and obtain a term which modifies 1/ 2 , i.e.,
where j y (0) (x) is the current in the absence of the Doppler term. Very near T c , the effective London length e f f where 1/ e f f 2 ϭ1/ 2 Ϫ⌬Ј/2T 0 2 becomes imaginary so that there is no Meissner effect, i.e., a magnetic field can penetrate into the bulk. Hence a sharp sign change of A y (0) from paramagnetic to diamagnetic is expected at Ϸ(⌬Ј/⌬) 2 . For TӶT c we obtain from j y (0) that (e/c)v F A y (0)Ϸ⌬ЈӶ⌬, i.e., the Doppler shift is negligible.
For the ͑100͒ surface and ЈӶ the xЈ integration in Eq. ͑19͒ is limited to Ј; hence we can replace A y (xЈ) by A y (0) to yield
At T→T c this becomes A remarkable feature of Eq. ͑22͒ is that it allows spontaneous magnetization for the ͑110͒ surface even if ⌬Јϭ0, as studied earlier. 11, 12 The critical temperature can be deduced from Eq. ͑22͒ ͑with ⌬→⌬Ј) by assuming a small probing ⌬Ј and looking for the A y response, which from Eq. ͑23͒ diverges at T s ϭv F /3 0 Ϸ(/)T c ӶT c . Furthermore, at T ϭ0, Eq. ͑22͒ yields
hence a spontaneous magnetization flux of Ϯ 0 L y / 0 . In Fig. 3 we show the low-temperature form of A y (0) for ͑110͒. For ⌬Јϭ0 it shows a spontaneous magnetization ͑dot-ted lines͒ below a critical temperature, while for ⌬Ј 0 it shows enhancement near T s where it joins one of the low T branches. In comparison the ͑100͒ flux depends weakly on temperature and is much stronger than that of ͑110͒ at least at high temperatures.
We consider next the thin-film case, for which London's equation is 
strong BTRS (ЈӶ), and various temperature limits. Comments: ͑i͒ If thin film is not specified, the entry corresponds to thick films with thickness d ӷ,Ј ͓͑100͒ surface͔ or d ӷ, ͓͑110͒ surface͔. ͑ii͒ All entries correspond to dϩidЈ except the dϩis one which refers only to the ͑110͒ surface; for thin films it is the same as ͑110͒ dϩidЈ ͑except a factor of Ϫ5 in the T→T c line͒. ͑iii͒ T→T c entries for ⌽ exclude paramagnetic anomaly regions which are given in the last column. ͑iv͒ BTRS which sets in at a temperature T c ЈӶT c has ⌽ values corresponding to modified temperature intervals. The only paramagnetic anomalies in this case are ͑100͒ TϽT s and ͑110͒ thin film. ͑v͒ The fluctuation region ͑e.g., Շ1/k F 0 in two dimensions͒ is excluded; hence the region ϭ(T c ϪT)/T c in the last column is relevant only if it is a larger one.
Geometry Temperature
Case T c ЈӶT c
where d is the film thickness. Assuming that one can Fourier
͑26͒
The q integration then yields
implying a slow decay of A y (x). While a solution for A y (x) appears difficult to obtain, the value of A y (0) is readily noticed from the boundary condition. The absence of an external field requires a finite H y (xϭ0) for the thin film geometry. Hence, to avoid divergence of dA/dx͉ xϭ0 where
one must have A y (0)ϭ 2 (4/c) j(0), i.e.,
which interestingly has the same form as Eq. ͑22͒ except that here it is valid for all Ј. In particular, when the Doppler shift can be neglected we obtain ⌽ ϭ/15Ј which in Fig. 2 is the tangent line to the thick-film curve at the origin. Hence we can define two regimes: weak BTRS with /ЈϽ1 where the spontaneous flux is T and d independent and strong BTRS with /ЈϾ1 where film thickness matters, with the thin film showing a stronger effect. For strong BTRS a T dependence is induced as ЈϽd changes to the thin-film case ЈϾd as T→T c . Consider now the Doppler shift for thin films; expansion near T c yields 1/ e f f 2 ϭ1/ 2 Ϫ⌬Ј/2T 0 2 which as above changes sign at Ϸ(/Ј) 2 -i.e., a paramagnetic anomaly. This temperature is the same as for the thick-film case except that here it is valid also for ЈϽ. Hence for ⌬Ј/⌬ϭ0.1 we can have an anomaly at an accessible temperature of (T c ϪT)/T c Ϸ10 Ϫ2 , as shown in Fig. 4 . For TӶT c the Doppler effect is small.
For a ͑110͒ surface the scales of A y (x) are ,; hence the thin film situation applies when d Ӷ, which is more difficult to achieve. Near T c we obtain A y (0)ϭ(2 0 /15)⌬Ј⌬Ͼ0 which is paramagnetic, while at TӶT c we have A y (0) ϭϮ4 0 /3 0 . A spontaneous flux even with ⌬Јϭ0 is possible also here as in the ͑110͒ thick-film case.
All the various forms for the magnetization and Doppler effects are summarized in Table I .
IV. QUANTUM HALL EFECTS: A SURFACE APPROACH
In this section we study a surface formulation of quantum Hall effects ͑QHE's͒. For the usual charge conduction, in the absence of an external field and given that the surface fields decay in the bulk ͑Meissner effect as shown in Sec. III͒, Ampére's law implies a zero net current-i.e., a net Hall conductance xy ϭ0. We focus therefore on spin and thermal Hall effects. These were shown to be quantized first by a network model simulations 14 and then by the relation to edge states. 15 . The dϩis state has no surface states near ⑀ϭ0, hence no Hall effect within the linear response; there may be a response when the voltage exceeds Ϸ2⌬ s /e. We consider therefore in this Sec. only the dϩidЈ case.
The main ingredient is the chiral nature of the surface states. These states have two branches whose spectra vanish at k y ϭQϵϮk F /ͱ2. Linearizing near this point the spectrum for k y ϭqϮQ is
⑀ϭvq, ͑31͒
where vϭͱ8⌬/k F for a ͑100͒ surface while vϭͱ8⌬Ј/k F for the ͑110͒ ͑up to a small Doppler shift; the actual value of v is not important for the eventual result for the Hall conductance͒. We wish to rewrite the surface modes in terms of two branches 1,q , 2,q where
with the Ϯ signs needed for continuity ͑see below͒. Thus, instead of two qϾ0 branches with two ↑,↓ spins we have now two branches, each of a single degree of freedom, with both qϾ0 and qϽ0. The transformation of Eq. ͑11͒ with the eigenfunctions ͑10͒ is
where the two terms correspond to the two branches near ϮQ and
͑34͒
Note, e.g., that the QϮq Fourier components of ⌿ ↑ (r) are Ϫ 1,q for both Ϯq so that the Ϯ signs in Eq. ͑32͒ are needed for continuity of the Fourier transform. We can therefore define fields with continuous Fourier transforms:
or in terms of spinor
͑37͒
we have for the spinor, Eq. ͑11͒,
The kinetic energy has the form
A crucial observation for QHE's is the role of impurities which in general have the form
Within the subspace of surface states this interaction becomes, using Eq. ͑38͒,
This impurity potential can be ''gauged'' away 15 by a transformation
which eliminates the impurity potential. Hence the transport of chiral states is equivalent to that of a pure system. Chiral-ity implies no channel for backscattering; hence impurities are indeed expected to be ineffective. As noted in Sec. III, ͑100͒ surface states with energy Ͼ⌬Ј may mix with bulk states by impurities. The QHE is then limited to temperatures TϽ⌬Ј.
To evaluate the spin Hall conductance, we define a spin voltage V s (x) (x is a coordinate perpendicular to the edge͒ such that (ប/2) s (x)V s (x) is the coupling energy density to a density s (x) of ប/2 spins. This can be represented by a Zeeman term with V s (x)ϭeB z (x)/mc where m is the electron mass; the corresponding force in the x direction is (e/mc)dB z (x)/dx. The unit of spin conduction, in analogy with e 2 /h of the charge conduction, is (ប/2) 2 /hϭប/8. Hence the spin Hall conductance xy spin ϭI s /V s is
The thermal Hall conduction is derived in a similar way from the heat conduction of an ideal gas, yielding
Hence K xy /T is also quantized in this weakly disordered system. We reconsider now the effect of disorder on the spin Hall conductance. Imagine many random Hall systems, each with their own localized chiral states which are weakly coupled. If the couplings are too weak, we expect no currents between the systems, so overall xy spin ϭ0. As the coupling strength increases we expect a finite current to circulate around the ensemble of grains, leading to Eqs. ͑43͒ and ͑44͒. The transition is in fact induced by disorder: For weak disorder the argument of Eq. ͑42͒ holds and the Hall coefficients have their quantized values, Eqs. ͑43͒ and ͑44͒. As disorder increases, opposite chiral channels get coupled, leading to the formation of localized chiral loops which eventually have an insulating behavior, i.e., the Hall conduction vanishes. This quantum Hall plateau transition 14 has been simulated by a network model, showing a novel type of QHE criticality.
V. QUANTUM HALL EFFECTS: A BULK APPROACH
We consider next the effective action of a bulk dϩidЈ superconductor and derive its ͑charge͒ Hall conductance xy (q,). We assume a thin-film situation with the scalar and vector potentials ,A being z independent, as well as A z ϭ0. In terms of the Nambu spinors, Eq. ͑2͒, the off-
and we neglect terms with ٌӶk F . The action in presence of the electromagnetic potentials A, is then
where ⑀(p )ϭ(p 2 Ϫk F 2 )/2m and we introduce the gaugeinvariant potentials aϭ 1 2 "ϪeA and a 0 ϭ 1 2 (‫ץ/ץ‬t)Ϫe. The derivatives arise from the spinor transformation ⌿(r)→exp͓i 3 (r)/2͔⌿(r). Integrating out the fermions ͑Appendix B͒ and expansion to second order in a,a 0 leads to the effective action
At Tϭ0 and q,→0 we obtain P 00 ϭN 0 ͑density of states which is N 0 ϭm/2 in two dimensions͒ and P i j ϭϪN 0 c s 2 where c s ϭv F /ͱ2, while P 0 j (q)ϭisgn(⌬⌬Ј)⑀ 0i j q i /(4) and ⑀ 0i j is the antisymmetric unit tensor. The latter term reflects BTRS and is derived for ⌬ЈӶ⌬.
Integrating out the phase we obtain the effective action in terms of the electromagnetic potentials A,:
͑48͒
The total electromagnetic action includes also the Maxwell terms S M ϭ ͐ d 2 rdt(E ជ 2 ϪH ជ 2 )/8. A may also be integrated out, using "•Aϭ0, and A z ϭ0, leading to the effective action
The coefficient of ͉͉ 2 vanishes when q→0 at the plasma frequency p ϭ(4ne 2 /m) 1/2 ϭc/ 0 ; there are no acoustic plasmons.
The Hall current J y is identified by a functional derivative with respect to A y , leading to the Hall coefficient
͑50͒
Transport is defined by taking the q→0 limit first-i.e., xy ϭ0. Hence the conventional Hall coefficient vanishes, as expected from Galilean invariance. 16 A limit in which →0 is taken first yields a quantized ''static'' conductance e 2 /2h which was argued to correspond to xy 0 in presence of a boundary. 13 In the absence of an external magnetic field and given a spontaneous magnetization decaying in the bulk ͑as shown in Sec. III͒, Ampére's law yields zero total current, and hence xy ϭ0; this is valid also with a boundary and an external electric field. It is intriguing, however, that xy (q,) has a nontrivial structure and space resolved measurement of a Hall current could then probe the full equation ͑50͒. We note that a result similar to Eq. ͑50͒ was obtained for superfluid 3 He.
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VI. CONCLUSIONS
We consider now in more detail the experimental data on the spontaneous magnetization. 3 The data show that for a YBCO disk with a perimeter of L y Ϸ2 cm the spontaneous magnetization is temperature independent in the range 80-89 K and is also thickness independent in the range 30-300 nm with a value of Ϸ37 0 . Taking ⌬Ϸ 0 ⌬ 0 , their Tϭ0 value, and typical YBCO parameters we find ⌽ Ϸ10
Ϫ3 . The temperature and thickness independence indicate weak BTRS with ЈϾ. For either thick or thin films we estimate /ЈϷ10
Ϫ2 or ⌬Ј/⌬Ϸ10 Ϫ4 . We propose therefore that increasing the ratio ⌬Ј/⌬-e.g., by using overdoped YBCO ͑Ref. 2͒-one can enhance the spontaneous magnetization up to a maximum of Ϸ10 3 0 when ⌬Ј/⌬ Ϸ0.01 within the thick-film regime.
For strong BTRS, /ЈϾ1, the film thickness matters; i.e., we expect a temperature dependence due to the crossover from thick-to thin-film regimes at d ϷЈ as T→T c . For thin films (d ϽЈϽ) we obtain ⌽ ϭ/12Ј; i.e., for YBCO the total flux can reach 10 5 (⌬Ј/⌬) 0 per cm of boundary, much higher than thick-film values. The situation of a strong BTRS with thin films is interesting also as being the most likely one to show the paramagnetic anomaly ͑Fig. 4͒ at a temperature ϷT c ͓1Ϫ(/Ј) 2 ͔. In conclusion, we have shown that surface states of a d ϩidЈ superconductor lead to spontaneous magnetization which is T independent and thickness independent for weak BTRS, /ЈϽ1, in accordance with the data. 3 For strong BTRS with /ЈϾ1, as expected in overdoped YBCO, 2 a crossover from thick-to thin-film behavior can lead to T and thickness dependence, as well as to an observable paramagnetic anomaly near T c . We have shown gapless chiral surface states for the dϩidЈ state which lead to quantization of the spin and thermal Hall conductances. The dϩis state has surface currents only at the ͑110͒ surface; its surface excitations have a gap and therefore insulating, i.e. no nontrivial quantization of Hall conductances. For the charge Hall conductance we find a vanishing transport value, however, the structure of xy (q,) has an unusual form which exhibits the Goldstone mode of the supeconductor. and then H int MF is gauge invariant without having explicit A(r)-dependent terms. This, however, implies that the ‫ץ‬ x ‫ץ,‬ y terms do not follow the usual substitution law as in the kinetic term. For the present work this issue is irrelevant since we neglect these terms altogether; i.e., we assume ͉"͉,͉"⌬͉Ӷk F .
APPENDIX B: DERIVATION OF P ij
We derive here an effective action for a dϩidЈ superconductor in terms of the gauge-invariant potentials a (q,), Eq. ͑47͒. Integrating out the fermionic variables in the partition function we arrive at the following action:
We are interested in the long-wavelength limit; also the order parameter is taken at the extremum of the effective action with only phase fluctuations. We retain the first and second orders in ⌺ to derive an expansion of the effective action in the fluctuating fields a (q,). The expansion corresponds to a one-loop calculation with the coefficients P , in Eq. ͑47͒ given by ͑latin indices stand for space coordinates͒ 
͑B4͒
The diagonal time polarization operator P 00 depends weakly on temperature and therefore in the limit of small momentum and frequency q→0,→0 is given by its Tϭ0 value-i.e., the mean-field compressibility, P 00 (q)ϭN 0 . The space components P i, j include the diamagnetic term and paramagnetic current correlator. In the limit q→0,→0 they give the mean-field superfluid stiffness; at T→0, P i j (q) ϭϪN 0 c s 2 where c s ϭv F /ͱ2. Of special significance is the off-diagonal polarization bubble P 0,j which is responsible for the Hall effect. It is a topological effect depending ͑at least at small values of the d x,y order parameter͒ only on the sign of ⌬Ј. In the same long-wave length limit we have P 0 j (q) ϭisgn(⌬⌬Ј)⑀ 0i j q i /(4) where ⑀ 0i j is the antisymmetric unit tensor.
APPENDIX C: EFFECTIVE ACTION WITH BOUNDARY
We study here the Hall term with boundary and show that its effect on London's equation is small at either Tϭ0 or T →T c . The electromagnetic response to the surface charge and currents couples in general the vector and scalar potentials A, with the Hall coefficient. We estimate this effect first at Tϭ0. The Hall term relates the current along the surface (y direction͒ and the electric field ‫‪x‬ץ/ץ‬ in the x direction, i.e., ͩ The polarization function ͑B3͒ defines the temperaturedependent London penetration depth 1/ L 2 (T). We consider in more detail the Chern-Simon ͑or Hall͒ part of the action which is the product of scalar and vector potentials ͓Eq. ͑B4͔͒. We consider a superconductor that occupies the half space (xϾ0) where the order parameters ⌬,⌬Ј
